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Quantum noise is ubiquitous to quantum systems as they incessantly interact with their surroundings and re-
sults in degrading useful resources such as coherence for single quantum systems and quantum correlations for
multipartite systems. Given the importance of these resources in various quantum information processing proto-
cols, it is of utmost importance to characterize how deteriorating is a particular noise scenario (quantum channel)
in reference to a certain resource? Here we develop a theory of coherence breaking channels for single quantum
systems. Any quantum channel on a single quantum system will be called a coherence breaking channel if it
is an incoherent channel and maps any state to an incoherent state. We explicitly and exhaustively characterize
these coherence breaking channels. Moreover, we define the coherence breaking indices for incoherent quantum
channels and present various examples to elucidate this concept. We further introduce the concept of coherence
sudden death under noisy evolutions and make an explicit connection of the phenomenon of coherence sudden
death with the coherence breaking channels and the coherence breaking indices together with various suggestive
examples. Furthermore, for higher dimensional Hilbert spaces, we establish the typicality of the dynamics of
coherence under any incoherent quantum channel exploiting the concentration of measure phenomenon.
I. INTRODUCTION
Quantum coherence and entanglement have been corner
stones of the quantum information theory both with discrete
quantum systems and continuous variable quantum systems
[1, 2]. Though the concept of quantum entanglement requires
quantum systems with at least two parties, coherence can be
defined for a single quantum system [3]. However, these two
notions are closely related. For example, entanglement is non-
local nonclassicality for continuous variable quantum systems
[3] while for discrete quantum one can convert coherence into
entanglement [4]. Recent developments in the fields of quan-
tum biology [5–7] and the theory of quantum thermodynam-
ics [8–14] urge for better understanding of quantum coherence
and therefore, the resource theories of quantum coherence are
developed in recent years [15–47].
Quantum systems with coherence are resourceful in quan-
tum thermodynamics and quantum biology, however, the re-
sourcefulness of a quantum system gets degraded over the
time due to its uncontrollable constant interactions with the
surrounding environment. These interactions of a quantum
system with the surrounding environments give rise to various
quantum noise models (noisy quantum channels). The char-
acterization of these noisy channels and their effect on vari-
ous physical resources are of huge practical value and there-
fore various special kinds of noisy channels have been con-
sidered [48]. For example, in the context of entanglement as
a resource, entanglement breaking channels have been char-
acterized completely [49, 50] and similarly, nonclassicality-
breaking channels [3, 51] have been analysed in detail in the
context of nonclassicality as a resource for continuous vari-
able quantum systems. The entanglement breaking chan-
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nels and the nonclassicality breaking channels make any in-
put state separable or classical, respectively. The character-
izations of the entanglement breaking channels and the non-
classicality breaking channels are given in Refs. [49] and [51],
respectively.
In this work, we focus on the effect of noisy quantum chan-
nels on coherence of single quantum systems. To address this
problem, we first define coherence breaking channels (CBCs)
which output only incoherent states for every input state and
completely characterize the form of such channels. We then
introduce selective coherence breaking channels (SCBCs) and
prove that the characterization of these two classes of chan-
nels is equivalent. We also comment on the possible connec-
tion between the entanglement breaking channels and the co-
herence breaking channels. Moreover, we provide the inter-
relation between the coherence breaking channels and other
relevant incoherent operations such as the strictly incoherent
operations (SIOs) [16] and the dephasing covariant operations
(DIOs) [21]. We then define the coherence breaking indices of
incoherent quantum channels. The coherence breaking index
n(Φ) of an incoherent quantum channel Φ is the minimum
number of iterations of Φ that are required in order to make
Φ a coherence breaking channel, i.e., n(Φ) = min{n : Φn ∈
Scbc}. Here, Scbc is the set of all coherence breaking chan-
nels. Further, we introduce the notion of coherence sudden
death during incoherent evolutions of a quantum system and
importantly characterize the coherence sudden death using the
coherence breaking channels and the coherence breaking in-
dices. We provide various suggestive examples to elucidate
the concept of the coherence sudden death. Moreover, we
show the concentration effect for the coherence of evolved
state under any incoherent quantum channel starting from a
random pure state chosen according to the Haar distribution
for higher dimensional Hilbert spaces. This result is based on
the extremely powerful result known as the Le´vy’s lemma and
establishes the universality of the coherence dynamics under
incoherent evolutions.
This work is organized as follows. We start with a brief
ar
X
iv
:1
60
8.
08
46
0v
1 
 [q
ua
nt-
ph
]  
30
 A
ug
 20
16
2introduction of quantum channels and the resource theory of
coherence in Sec. II. In Sec. III we define two kinds of co-
herence breaking channels and give the characterizations of
both the channels. We link the coherence breaking channels
with SIOs and DIOs in Sec. IV. Sec. V is devoted to the co-
herence breaking indices of incoherent quantum channels. In
Sec. VI we discuss the notion of coherence sudden death and
its relation to the coherence breaking channels and the coher-
ence breaking indices. Moreover, we establish the universality
(typicality) of the coherence dynamics in higher dimensional
Hilbert spaces. Finally, we conclude in Sec. VII with a brief
overview of the results obtained in this work.
II. PRELIMINARIES
Here we present the relevant basic tools and concepts that
are required for presenting our main results.
Quantum channels.– A quantum channel is a linear com-
pletely positive and trace preserving (CPTP) map which ap-
pears naturally in the description of open quantum systems
and plays an important role in quantum information theory
[48]. According to the Kraus representation theorem, any lin-
ear map Φ is a CPTP map if and only if it can be represented
by a set of Kraus operators {Ki(Φ) }Ni=1 as follows.
Φ[ρ] :=
N∑
i=1
Ki(Φ)ρK
†
i (Φ) (1)
with
∑
nK
†
nKn = I. In this work we will require another
very useful characterization of quantum channels which is the
Choi-Jamiołkowski isomorphism [52, 53].
Choi-Jamiołkowski isomorphism.–Qualitatively, it states that
a channel acting on a single party S and the corresponding
bipartite mixed state acting on SA are informationally equiv-
alent. Here A is some ancilla system with the same dimen-
sion d as of the system. More precisely, Choi-Jamiołkowski
isomorphism states that a channel Φ acting on a single quan-
tum system is completely positive if and only if Φ⊗ I applied
to the maximally entangled state |β〉SA = 1√
d
∑d−1
i=0 |ii〉SA
yields a positive semidefinite operator ρΦ, i.e., ρΦ = Φ ⊗
I[|β〉 〈β|SA] ≥ 0 with TrS [ρΦ] = 1d . Conversely, the iso-
morphism implies that for every positive semidefinite opera-
tor ρSA there exists a unique channel Φρ acting on S such that
ρSA = Φρ ⊗ I[|β〉 〈β|SA].
Resource theories of quantum coherence.– A resource theory
comprises two basic elements: one is the set of allowed (free)
operations and other being the set of allowed (free) states. The
set of allowed operations is governed by the physical situa-
tions at hand. For example, in the resource theory of entan-
glement the allowed operations are the local operations and
classical communication (LOCC) as it is not possible to im-
plement global operations on two parties that are separated
and located far away from each other. Similarly, the allowed
operations in the other known resource theories such as the re-
source theory of thermodynamics and the resource theory of
reference frames are obtained based on the relevant physical
situations. However, there is still no general consensus on the
set of allowed operations in the resource theory of coherence
and we have resource theories of coherence based on incoher-
ent operations and symmetric operations [15, 21, 28, 43, 54].
In this work, we consider the resource theory of coher-
ence based on incoherent operations [15]. It is important
to note here that the measures of coherence obtained using
this resource theory are proved to be operationally meaningful
[36, 47] and play a crucial role in establishing quantitatively
the emergence of entanglement from coherence [4]. The mea-
sures of coherence as obtained in this resource include l1 norm
of coherence and the relative entropy of coherence. For a d di-
mensional quantum system in a state ρ and a fixed reference
basis {|i〉}, the l1 norm of coherence Cl1(ρ) and the relative
entropy of coherence Cr(ρ) are respectively, defined as
Cl1(ρ) =
d−1∑
i,j=0
i6=j
| 〈i| ρ |j〉 | and (2)
Cr(ρ) = S(ρ
(d))− S(ρ), (3)
where S(ρ) = −Tr[ρ log ρ] is the von Neumann entropy of
ρ and ρ(d) is the diagonal part of ρ in basis {|i〉}. We em-
phasize that the notion of coherence is intrinsically basis de-
pendent and we only consider quantum systems with finite
dimensional Hilbert spaces.
Given a fixed reference basis, say {|i〉}, any state which is
diagonal in the reference basis is called an incoherent state.
Let I be the set of all incoherent states. Then, an operation
Φ is called an incoherent operation (IO) if the set of Kraus
operators {Kn} of Φ is such that KnIK†n ⊂ I for each n.
III. COHERENCE BREAKING CHANNELS
We define coherence breaking channels and provide their
exhaustive characterization in this section.
A. Selective coherence breaking channels (SCBCs)
A quantum channel Φ with Kraus operators {Kn } is called
a selective coherence breaking channel (SCBC) if Φ is an in-
coherent channel and for any state ρ, KnρK†n is an incoherent
state for any n. Let the set of all SCBCs be denoted by Sscbc.
It is easy to see that Sscbc is convex. The theorem below char-
acterizes SCBCs.
Theorem 1. The following statements are equivalent:
(i) A quantum channel Φ with Kraus decomposition {Kn} is
a selective coherence breaking channel.
(ii) For any maximally coherent state |ψ〉, Kn|ψ〉〈ψ|K†n ∈ I
for any n.
(iii) The Kraus operators {Kn } of Φ can be written as Kn =
|in〉 〈φn| for any n, where |in〉 is an element of the reference
basis { | i〉 }d−1i=0 and
∑
n |φn〉〈φn| = I.
3(iv) The action of Φ is given as Φ(ρ) =
∑
i |i〉〈i|Tr(ρFi),
where {Fi} is a set of positive semi-definite operators and∑
i Fi = I.
Proof. The implication (i) ⇒ (ii): It follows directly from
the definition of Sscbc. The implication (ii)⇒ (iii): Suppose
for any maximally coherent pure state |ψ〉, Kn|ψ〉〈ψ|K†n ∈ I
for any n. Since Kn can be written as Kn =
∑
i |i〉 〈φni | and
Kn |ψ〉 is incoherent, then by Lemma 11 (see appendix A),
there exists only one index i such that |φni 〉 6= 0, that is Kn
can be written as Kn = |in〉 〈φn|. As
∑
nK
†
nKn = I, then
we have
∑
n |φn〉〈φn| = I. The implication (iii) ⇒ (iv):
Since Kn = |in〉 〈φn| for any n, then Φ(ρ) =
∑
nKnρK
†
n =∑
n |in〉 〈φn| ρ |φn〉 〈in| =
∑
i |i〉〈i|Tr(ρFi), where Fi is
the sum of some (unnormalized) pure states |φn〉〈φn|. As∑
n |φn〉〈φn| = I, then we have
∑
i Fi = I. The impli-
cation (iv) ⇒ (i): As each Fi can be written as Fi =∑
k λik|φik〉〈φik|, then Φ has the Kraus representation {Kik }
with Kik =
√
λik |i〉 〈φik|. Then, Φ is an incoherent operation
and for any state ρ, KikρK
†
ik is incoherent.
It is important to note that the composition of any in-
coherent channel with a selective coherence breaking chan-
nel is again a selective coherence breaking channel, i.e., if
Φ ∈ Sscbc, then for any incoherent operation Ω, Ω ◦ Φ and
Φ ◦Ω also belong to the set Sscbc. Let us recall that if a quan-
tum channel Φ can be written in the following form
Φ(ρ) =
∑
k
QkTr(ρPk), (4)
where each Qk is a density matrix and the {Pk } forms a pos-
itive operator valued measure (POVM), then we say that the
quantum channel Φ has the Holevo form [55]. Moreover, if
each density matrix Qk = |k〉〈k| is a one-dimensional projec-
tion and
∑
k Pk = I, then Φ is called a quantum-classical
(QC) channel. It is easy to see that a selective coherence
breaking channel is a QC channel (see Theorem 1).
B. Coherence breaking channels (CBCs)
In the definition of SCBCs, we required that for any Kraus
operator Kn of a quantum channel, KnρK†n is an incoher-
ent state for any state ρ. However, we can also define an-
other kind of noisy channel, namely, the coherence breaking
channel which requires weaker constraints on Kraus elements
compared to the case of SCBCs. A quantum channel Φ is
called a coherence breaking channel (CBC) if for any inco-
herent channel Φ, Φ(ρ) is an incoherent state for any state ρ.
Let the set of all CBCs be denoted by Scbc. It can be seen
easily that Scbc is convex and Sscbc ⊂ Scbc. To characterize
CBCs, let us start from the simplest case, namely, the quan-
tum channels on qubit states. We know that any qubit state ρ
can be written as
ρ =
I+ ~r · ~σ
2
,
where |~r| ≤ 1. The action of a qubit quantum channel Φ is
completely characterized by a 3 × 3 real matrix M and a 3-
dimensional vector ~n such that
Φ
(
I+ ~r · ~σ
2
)
=
I+ (M~r + ~n) · ~σ
2
.
Now we can also use (M,~n) to denote a qubit quantum chan-
nel. Therefore, we can easily obtain the characterization of a
qubit CBC as follows.
Proposition 2. In qubit case, a quantum channel Φ repre-
sented by (M,~n) is coherence breaking if and only if M and
~n) have the following forms:
M =
 0 0 00 0 0
M31 M32 M33
 and ~n =
 00
nz
 .
Proof. Qubit channel Φ is coherence breaking if and only if
the first and second components of the vector M~r + ~n are 0
for any vector ~r, which means M~r + ~n = (0, 0, ∗)T . Thus,
matrix M and vector ~n must be of the following form:
M =
 0 0 00 0 0
M31 M32 M33
 and ~n =
 00
nz
 .
Here we have not considered other restrictions on Φ like the
complete positivity. In fact, the necessary and sufficient con-
ditions for (M,~n) to be a CPTP map can be found in Refs.
[56, 57].
In general case, the characterization of CBCs is given by
the following theorem.
Theorem 3. The following statements are equivalent.
(i) Φ ∈ Scbc.
(ii) Φ is an incoherent channel and for any maximally coher-
ent state |ψ〉, Φ(|ψ〉〈ψ|) ∈ I.
(iii) Φ is an incoherent channel and Φ(|i〉 〈j|) is diagonal for
any two incoherent basis states |i〉 and |j〉.
(iv) The action of Φ is given as Φ(ρ) =
∑
i |i〉〈i|Tr(ρFi),
where {Fi} a set of positive semi-definite operators and∑
i Fi = I.
Proof. The implication (i)⇒ (ii): This follows from the def-
inition of Scbc. The implication (ii)⇒ (iii): Any maximally
coherent pure state |ψ〉 in d dimensional Hilbert space can be
written as |ψ〉 = 1√
d
∑d−1
j=0 e
iθj |j〉, where { | j〉 }d−1j=0 is the
reference basis. Then
Φ(|ψ〉〈ψ|) = 1
d
∑
i,j
ei(θi−θj)Φ(|i〉 〈j|)
=
1
d
d−1∑
i=0
Φ(|i〉〈i|) +
d−1∑
i,j=0
i 6=j
ei(θi−θj)Φ(|i〉 〈j|)
 .
4For any i and j, Φ(|i〉 〈j|) can be written as a matrix [Φi,ju,v] ∈
Cd×d in the reference basis. Since Φ is an incoherent chan-
nel, then Φ(|i〉〈i|) is an incoherent state which means that
[Φi,iuv] is diagonal for any i. Moreover, Φ(|ψ〉〈ψ|) is diago-
nal, thus
∑d−1
i,j=0
i6=j
ei(θi−θj)[Φi,juv] is diagonal. That is, for any
fixed u and v with u 6= v, ∑d−1i,j=0
i 6=j
ei(θi−θj)Φi,juv = 0 for any
(θ0, . . . , θd−1). From Lemma 12 (see appendix A), Φi,juv = 0
for any i 6= j with any fixed u 6= v. Thus, [Φi,juv] is diagonal,
i.e., Φ(|i〉 〈j|) is diagonal for any i and j.
The implication (iii)⇒ (iv): Suppose that Φ is an incoher-
ent channel and Φ(|i〉 〈j|) is diagonal for any 0 ≤ i, j ≤ d−1.
Then Φ(ρ) is an incoherent state for any state ρ. First, we
prove that Φ is an entanglement breaking channel. Based on
Ref. [49], we only need to prove I⊗ Φ(|β〉〈β|) is a separable
state, where |β〉 = 1√
d
∑d−1
i=0 |ii〉. Without loss of generality,
Φ(|i〉 〈j|) = ∑k d(i,j)k |k〉〈k|. Hence,
I⊗ Φ(|β〉〈β|) = 1
d
∑
i,j
|i〉 〈j| ⊗ Φ(|i〉 〈j|)
=
1
d
∑
i,j
∑
k
|i〉 〈j| ⊗ d(i,j)k |k〉〈k|
=
1
d
∑
k
∑
i,j
d
(i,j)
k |i〉 〈j|
⊗ |k〉〈k|.
Since Φ is a quantum channel (CPTP map), from Choi-
Jamiołkowski isomorphism I ⊗ Φ(|β〉〈β|) is positive semi-
definite. Therefore, I ⊗ |k〉〈k|[I ⊗ Φ(|β〉〈β|)]I ⊗ |k〉〈k| is a
positive operator, i.e.,
∑
i,j d
(i,j)
k |i〉 〈j| is positive for any k.
Then I ⊗ Φ(|β〉〈β|) can be written as ∑k λkρk ⊗ |k〉〈k|, i.e.,
I ⊗ Φ(|β〉〈β|) is a separable state. Therefore, Φ is an entan-
glement breaking channel. Naturally, since entanglement is a
form of coherence [4], then if a quantum channel is coherence
breaking, it must be entanglement breaking too and the above
calculation shows this explicitly.
Recall that a quantum channel is entanglement breaking if
and only if it can be written as the Holevo form (see Eq. (4))
[49]. Therefore, Φ can be written as
Φ(ρ) =
∑
k
QkTr(ρPk).
As Φ(ρ) is an incoherent state for any state ρ, then Φ(ρ) is a
diagonal state. Thus, it can also be written as
Φ(ρ) =
∑
k,i
〈i|Qk |i〉Tr(ρPk)|i〉〈i|
=
∑
i
|i〉〈i|(
∑
k
〈i|Qk |i〉Tr(ρPk))
=
∑
i
|i〉〈i|(Trρ⊗ |i〉〈i|(
∑
k
Pk ⊗Qk))
=
∑
i
|i〉〈i|Tr(ρFi),
Sebt
Sqc
Scbc
FIG. 1. The relationship between the sets of entanglement breaking
channels (EBTs), quantum-classical channels (QCs) and coherence
breaking channels (CBCs).
where Fi = Tr2 ((I ⊗ |i〉〈i|) (
∑
k Pk ⊗Qk)) and Tr2 denotes
the partial trace on the second system. Since Φ is a CPTP map,∑
i Fi = I.
The implication (iv) ⇒ (i): As each Fi can be written as
Fi =
∑
k λik|φik〉〈φik|, Φ has the Kraus representation {Kik }
with Kik =
√
λik |i〉 〈φik|. Then, Φ is an incoherent operation
and for any state ρ, Φ(ρ) is incoherent. Moreover, KikρK
†
ik
is incoherent, which means Scbc ⊂ Sscbc.
Let us compare the characterizations of these two kinds of
coherence breaking channels. It is amazing that Theorems 1
and 3 show that Sscbc = Scbc. Moreover, Sscbc = Scbc (
Sqc ( Sebt (see also Fig.1). Here Sqc is the set of quantum-
classical channels and Sebt is the set of entanglement breaking
channels.
IV. INTER-RELATIONS OF SIOs, DIOs AND CBCs
A special kind of incoherent operation called strictly in-
coherent operation (SIO), has been proposed recently [21].
Any quantum operation Φ is a SIO if and only if it can be
represented by a set of Kraus operators {Mi } with Mi =∑d−1
j=0 dij |pii(j)〉 〈j| [21]. Let the set of all SIOs be denoted
by Ssio.
Proposition 4. Any quantum operation Φ belongs to both Ssio
and Scbc if and only if it can be represented by Kraus oper-
ators Kij of the form: Kij = dij |pii(j)〉 〈j|, where pii is a
permutation and j ∈ { 0, . . . , d− 1 }.
Proof. The sufficiency part follows directly from the defini-
tion of Ssio and the characterization of CBCs as given in The-
orem 3. We only need to prove the necessary part of the propo-
sition. Since any SIO can be represented by Kraus operators
5{Mi } with Mi =
∑d−1
j=0 dij |pii(j)〉 〈j|. Thus
Φ(ρ) =
∑
i
MiρM
†
i
=
∑
i
∑
j
dij |pii(j)〉 〈j|
 ρ(∑
k
d¯ik |k〉 〈pii(k)|
)
=
∑
j,k
ρjk
∑
i
dij d¯ik |pii(j)〉 〈pii(k)|
Besides, Φ is also a coherence breaking operation. Therefore,
Φ(|ψ〉〈ψ|) is an incoherent state for any maximally coherent
state |ψ〉 = 1√
d
∑d−1
j=0 e
iθj |j〉, which implies
Φ(|ψ〉〈ψ|) = 1
d
∑
j,k
ei(θj−θk)
∑
i
dij d¯ik |pii(j)〉 〈pii(k)|
=
1
d
∑
j,k
ei(θj−θk)P (j,k) ∈ I, (5)
where P (j,k) :=
∑
i dij d¯ik |pii(j)〉 〈pii(k)|. Then it is easy
to see that P (k,k) is diagonal but the diagonal part of P (j,k)
is always zero for any j 6= k, i.e., P (j,k)rr = 0 for any r ∈
{ 0, . . . , d− 1 }. Moreover, Eq.(5) means that for any fixed
r, s ∈ { 0, . . . , d− 1 } with r 6= s, ∑j,k ei(θj−θk)P (j,k)rs = 0
for any { θi }d−1i=0 with θi ∈ R, where P (k,k)rs = 0 as P (k,k) is
diagonal. By Lemma 12 (see appendix A), we have P (j,k)rs =
0 for any j, k when r 6= s. Hence P (j,k) = 0 for any j 6= k.
Therefore,
Φ(ρ) =
∑
j,k
ρjkP
(j,k) =
∑
k
ρkkP
(k,k)
=
∑
k
ρkk
∑
i
|dik|2|pii(k)〉〈pii(k)|
=
∑
ij
KijρK
†
ij ,
with Kij = dij |pii(j)〉 〈j| .
The above proposition shows that the operations that belong
to both Scbc and Ssio are trivial. These operations have action
on any state (up to permutations) as follows: ∆(·) = ∑i 〈i| ·|i〉 |i〉 〈i|. Thus, we can use the difference between CBCs and
SIOs to show the difference between IOs and SIOs, especially
in some operational task. It has been proved that in the task of
incoherent teleportation [44], it is possible to implement the
perfect incoherent teleportation of an unknown state of one
qubit with the help of one singlet and two bits of classical
communication. But if we restrict the IOs to the SIOs, such a
task may be unachievable.
Proposition 5. Perfect strictly incoherent teleportation of an
unknown state of one qubit is not possible with one singlet and
two bits of classical communication.
Proof. Recall that in the standard teleportation protocol, the
initial state of the whole system is given by
|Ψ〉 = |γ〉A′ ⊗ |φ+〉AB ,
where |φ+〉AB = (|00〉 + |11〉)/
√
2 is a maximally en-
tangled state and |γ〉A′ = α |0〉 + β |1〉 is the unknown
state. Then we show that the perfect teleportation is not
possible by the strictly incoherent measurements on Alice’s
and Bob’s systems and the classical communication between
them. For any strictly incoherent measurement KA =∑1
i,j=0 dij |pi(ij)〉 〈ij| on Alice’s system with pi being a per-
mutation, then after such a measurement the reduced state (un-
normalized) on Bob’s system is given by
ρB = (|αd00 |2 + |βd10 |2)|0〉〈0|+ (|αd01 |2 + |βd11 |2)|1〉〈1|.
It is obvious that ρB can not be transformed to |γ〉〈γ| by
strictly incoherent operations since coherence cannot increase
under incoherent operations.
Also, another set of operations has been proposed while
pursuing for an operationally meaningful resource theory of
coherence. These are called dephasing covariant incoherent
operations (DIOs) [21]. An operation Φ is called a dephasing-
covariant incoherent operation if
[∆,Φ] = 0, (6)
where ∆(ρ) :=
∑
i 〈i| ρ |i〉 |i〉 〈i|. Let the set of all DIOs be
denoted by Sdio. Next, we find the relation between DIOs and
CBCs as follows.
Proposition 6. Any quantum operation Φ belongs to both
Sdio and Scbc if and only if it can be represented by Kraus
operators Kij of the form: Kij =
√
pij |i〉 〈j|, where i, j ∈
{ 0, . . . , d− 1 }, pij ≥ 0 and
∑d−1
i=0 pij = 1.
Proof. The sufficiency part follows directly from the defini-
tion of DIOs and Theorem 3. The necessary part of the propo-
sition can be proved as follows. We know that any CBC Φ can
be expressed as
Φ(ρ) =
∑
i
|i〉〈i|Tr(ρFi),
where {Fi } is a set of positive semi-definite operators and∑
i Fi = I. Moreover, Φ ∈ Sdio implies that ∆(Φ(|j〉 〈k|)) =
0 for any j 6= k [21] and we have Tr(|j〉 〈k|Fi) = 0 for any
j 6= k, which means that Fi is diagonal for any i and can
be written as Fi =
∑d−1
j=0 pij |j〉 〈j| with pij ≥ 0. Since∑
i Fi = I, then
∑
i pij = 1 for any j. Therefore, such Φ
can be expressed by the Kraus operators of the form Kij =√
pij |i〉 〈j|.
Moreover, from Propositions 4 and 6, it is easy to see that
Ssio ∩ Scbc = Sdio ∩ Scbc.
6V. COHERENCE BREAKING INDICES
In this section we discuss the iterative behaviour of quan-
tum channels on the system of interest. In particular, we elab-
orate on how many iterations of a given incoherent quantum
channel are needed in order for it to completely destroy the
coherence of any input state or turn it into a coherence break-
ing channel? The minimum number of iterations of a given
incoherent quantum channel is termed as coherence breaking
index of the same channel. The coherence breaking indices
of incoherent quantum channels can be considered as their
relative figure of merit in terms of their decohering powers.
There naturally appear quantum systems in various practical
scenarios whose noise can be considered as a single elemen-
tary process iterated step by step in time. With an experi-
mentally well-grounded assumption where these elementary
steps are completely independent with each other, the action
of the noise becomes a stroboscopic Markov process and can
be modelled by an n-fold iteration of a given quantum channel
[58]. This justifies the consideration of coherence breaking in-
dices from an experimental viewpoint.
Let Φ be an incoherent quantum channel. The coherence
breaking index n(Φ) of Φ is defined as
n(Φ) = min {n ≥ 1 : Φn ∈ Scbc } . (7)
It is easy to see that ifU is an incoherent unitary operator, then
n(UΦU†) = n(Φ).
For a quantum channel Φ, if n(Φ) =∞, i.e., for any finite n,
Φn is not a coherence breaking channel, one can term it as a
coherence saving channel as it never destroys coherence com-
pletely. In the following we consider some examples of inco-
herent quantum channels and calculate their coherence break-
ing indices.
Example 1. Consider an incoherent qubit quantum channel Φ
characterized by (M,~n) with
M =
 0 α 00 0 0
0 0 0
 ,
where α is a real number and ~n = (0, 0, 0)T . For |α| ≤ 1,
Φ represented by (M,~n) is a CPTP map [56, 57]. The chan-
nel (M,~n) is then an incoherent channel but not a coherence
breaking channel. Note that if a qubit quantum channel Φ is
characterized by (M,~n), then iterated channel Φn is charac-
terized by
(
Mn, (
∑n−1
k=0 M
k)~n
)
. Thus, it is easy to see that
Φ2 is a coherence breaking channel and hence n(Φ) = 2. Let
us consider another less trivial example of an incoherent qubit
quantum channel Φ characterized by (M,~n) with
M =
 0 α 00 0 0
β 0 0
 ,
where α and β are real numbers and ~n = (0, 0, nz)T . Again,
we can choose α, β, nz appropriately such that (M,~n) is a
CPTP map. The channel (M,~n) is then an incoherent channel
but not a coherence breaking channel. Again, n(Φ) = 2.
Example 2. Consider generalized amplitude damping chan-
nels [58] on qubit systems as given by Dp,t[a |0〉 〈0| +
b |0〉 〈1|+b∗ |1〉 〈0|+c |1〉 〈1|] = [pa+t(1−p)(a+c)] |0〉 〈0|+√
pb |0〉 〈1|+√pb∗ |1〉 〈0|+[−pa+(1−t+pt)(a+c)] |1〉 〈1|.
The representation (M,~n) of the qubit channel Dp,t is given
by
M =
 √p 0 00 √p 0
0 0 p
 and ~n = (1− p)(2t− 1)
 00
1
 . (8)
Moreover, the representation of Dnp,t is given by (M˜, ~˜n),
where
M˜ =
 √pn 0 00 √pn 0
0 0 pn
 and
~˜n =
n−1∑
k=0
pk~n = (1− pn)(2t− 1)
 00
1
 .
Thus, we have Dnp,t = Dpn,t. It means that the coherence
breaking index n(Dp,t) of Dp,t is not finite.
VI. COHERENCE SUDDEN DEATH AND
UNIVERSALITY OF THE DYNAMICS OF COHERENCE
Consider a dynamical evolution of a single quantum sys-
tem in a state |ψ〉 under some quantum channel Φ. The phe-
nomenon of vanishing of coherence of |ψ〉 in some finite time
is termed as sudden death of coherence. If the coherence of
|ψ〉 does not vanish in some finite time or vanishes asymp-
totically then this phenomenon is termed as no sudden death
of coherence. Moreover, in the case stroboscopic Markovian
processes where the evolution of a quantum system in a state
|ψ〉 is modelled by an n-fold iterations of an elementary chan-
nel Φ, if the coherence of |ψ〉 vanishes in n0 iterations of Φ
with n0 < n, then we say that such stroboscopic Markovian
processes lead to the coherence sudden death. It is impor-
tant to note that the phenomenon of coherence sudden death
is both initial state and channel dependent. However, in the
case of qubit states and for a specific measure of coherence,
namely the l1 norm of coherence [15], we show that coher-
ence sudden death is only channel dependent irrespective of
the initial state. To achieve this we first state the factorization
relation for the l1 norm of coherence obtained in the evolution
equation of coherence [26].
In a d-dimensional Hilbert space, any quantum state can be
represented as
ρ =
1
d
Id +
1
2
~x · ~Λ, (9)
where ~x = (x1, . . . , xd2−1), ~Λ = (Λ1, . . . ,Λd2−1), xi =
Tr[ρΛi] with Λi being the generators of su(d) [59–62].
The vector ~x can be written as ~x = χ~n, where ~n =
7(n1, . . . , nd2−1) is a unit vector in Rd
2−1 and |χ| ≤√
2(d− 1)/d. Now the factorization relation of Ref. [26]
can be stated as follows.
Lemma 7 ([26]). Let us consider a quantum operation Φ with
Φ
( I
d
)
is diagonal, then for any quantum state ρ = 1d Id+
1
2χ~n·
~X
Cl1 (Φ(ρ)) = Cl1 (ρ)Cl1 (Φ(ρP )) , (10)
where ρP = 1d Id +
1
2χP~n · ~X is called the probe state and
χP = 1/
∑(d2−d)/2
r=1 (n
2
2r−1 + n
2
2r)
1/2.
It is easy to see that incoherent operations satisfy the con-
dition of the above Lemma, therefore, for incoherent opera-
tions, the above equality holds. Moreover, the above lemma
can be simplified for the qubit cases and we have the following
proposition.
Proposition 8. If Φ is an incoherent operation on a single
qubit system, then for any qubit state ρ there exists a maxi-
mally coherent state |ψ〉 such that
Cl1 (Φ(ρ)) = Cl1 (ρ)Cl1 (Φ(|ψ〉 〈ψ|)) . (11)
Proof. Since any qubit state ρ can be written as ρ = 12 [(1 +
z) |0〉 〈0|+ (x+ iy) |0〉 〈1|+ (x− iy) |1〉 〈0|+ (1− z) |1〉 〈1|]
and Φ is an incoherent operation, then Cl1 (ρ) = |x+ iy| and
Cl1 (Φ(ρ))
= 2
∣∣∣∣x+ iy2 〈1|Φ(|0〉 〈1|) |0〉+ x− iy2 〈1|Φ(|1〉 〈0|) |0〉
∣∣∣∣
= |x+ iy| ∣∣eiθ 〈1|Φ(|0〉 〈1|) |0〉+ e−iθ 〈1|Φ(|1〉 〈0|) |0〉∣∣ ,
(12)
where x+ iy = |x+ iy|eiθ and x− iy = |x+ iy|e−iθ. Now,
taking |ψ〉 = 1√
2
(|0〉 + e−iθ |1〉) as the maximally coherent
state, we have
Cl1 (Φ(ρ)) = Cl1 (ρ)Cl1 (Φ(|ψ〉 〈ψ|)) . (13)
This concludes the proof of the proposition.
The above proposition implies that the knowledge of the
initial coherence of a quantum system and the action of inco-
herent operation Φ on maximally coherent state are enough
to determine the evolution of coherence. However, we re-
mark that the maximally coherent state appearing in the above
proposition is initial state dependent. The phenomenon of
coherence sudden death in these cases is independent of the
initial state of quantum system and is essentially endowed
to the channel. It is important to note that if a channel Φ
is coherence breaking which from Theorem 3 means that
Cl1 (Φ(|ψ〉 〈ψ|)) = 0, it necessarily implies coherence sud-
den death and vice-versa for any initial state.
For a stroboscopic Markovian process represented by ΦJ ,
i.e., by J iterations of the channel Φ, Eq. (13) becomes
Cl1
(
ΦJ(ρ)
)
= Cl1 (ρ)Cl1
(
ΦJ(|ψ〉 〈ψ|)) . (14)
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FIG. 2. Consider a qubit state ρ = 1
2
(I+ ~r · ~σ) with ~r =
(0.3, 0.5, 0.2)T . Also, take J = 10 in the stroboscopic Markovian
processs of both the examples 3 and 4. In example 3, take α = 0.5.
We have Cl1(ρ) = 0.5830, Cl1(Φ[ρ]) = 0.25 and Cl1(Φ
J [ρ]) = 0
for J ≥ 2. The solid line in above figure plots Cl1(ΦJ [ρ]) as func-
tion of J and shows the coherence sudden death at the second iter-
ation of the channel. In example 4, take p = 0.7 and t = 1. Here
Cl1(D
J
p,t[ρ]) = p
J
2 Cl1(ρ). The dotted line in above figure plots
Cl1(D
J
p,t[ρ]) as function of J and shows no sudden death of coher-
ence as the coherence is nonzero at every iteration of the channel
Dp,t.
The above equation can be reinterpreted as follows. If co-
herence breaking index of a channel Φ is n(Φ), then after
n(Φ) iterations of the channel Φ, the channel Φ becomes a
coherence breaking channel. This implies that for a channel
Φ with coherence breaking index n(Φ), in the corresponding
stroboscopic Markovian process with J iterations of the chan-
nel Φ, the evolution will lead to the coherence sudden death
if n(Φ) < J . Next, we present a few examples of incoherent
evolutions that can lead to the coherence sudden death.
Example 3. Consider a stroboscopic Markovian process given
by ΦJ with J ≥ 3, where Φ is a qubit quantum channel char-
acterized by (M,~n) with
M =
 0 α 00 0 0
0 0 0
 ,
and ~n = (0, 0, 0)T . Here α (|α| ≤ 1) is a real number. We
obtained earlier that the channel Φ has coherence breaking
index n(Φ) = 2. Thus, the above stroboscopic Markovian
process leads to the coherence sudden death for any input state
(see also Fig. 2).
Example 4. Consider a stroboscopic Markovian process given
byDJp,t, whereDp,t is a generalized amplitude damping qubit
channel (see Sec. V). The coherence breaking index of the
generalized amplitude damping n(Dp,t) is not finite, there-
fore, such a stroboscopic Markovian process will never lead
to coherence sudden death (see also Fig. 2).
Typicality of evolution of coherence for higher dimensional
systems.– It is known that pure quantum states in higher di-
8mensional Hilbert spaces show concentration of measure phe-
nomenon for various physical properties (for example, see
Refs. [37, 39, 41, 63–69]). Similarly, here we aim at find-
ing the typical properties of the evolution of coherence under
incoherent quantum channels. Consider a quantum system in
a state ρ(0) = |ψ〉 〈ψ| evolving under an incoherent quantum
channel Λt such that ρ(t) = Λt[ρ(0)]. Specifically, we want
to describe the dynamics of pure states |ψ〉 chosen uniformly
at random from the Haar measure under some quantum chan-
nel Λt and wish to establish the typicality of the evolution.
For this we will resort on the concentration of measure phe-
nomenon encapsulated in Le´vy’s lemma applicable to Lips-
chitz continuous functions (see appendix B). Now, consider
two pure states |ψ〉 and |φ〉 evolving under Λt. Then, for any
Lipschitz continuous measure C of coherence with Lipschitz
constant ηC , we have
|C (Λt[|ψ〉〈ψ|])− C (Λt[|φ〉〈φ|])|
≤ ηC || Λt[|ψ〉〈ψ|]− Λt[|φ〉〈φ|] ||1
≤ ηCηΛt || |ψ〉〈ψ| − |φ〉〈φ| ||1
≤ 2ηCηΛt || |ψ〉 − |φ〉 || , (15)
where || · ||1 is the trace norm and || · || is the Euclidean norm
(see appendix B). The first inequality follows from the def-
inition of the Lipschitz continuous function over the space
of density matrices. The second inequality follows from the
monotonicity of the trace norm under quantum channels [70]
(see also appendix B). The third inequality follows from the
relation between the trace distance and the Euclidean distance
[69]. If the distance between the states |ψ〉 and |φ〉 is small
then the coherences of the final states are also close to each
other. Now, based on Le´vy’s lemma we have following result.
Theorem 9. Let |ψ〉 be a random pure state on a d dimen-
sional Hilbert space. Then, for any  ≥ 0, we have
Pr {|C(Λt[|ψ〉〈ψ|])− EψC| > }
≤ 2 exp
(
− d
2
18pi3η2Cη
2
Λt
ln 2
)
, (16)
where 2ηCηΛt is the Lipschitz constant for the function F :
CPd−1 7→ R with F (|ψ〉) = C(Λt[|ψ〉〈ψ|]) and EψC =∫
dψC(Λt[|ψ〉〈ψ|]).
As an example, the Lipschitz constant for the scaled l1
norm of coherence, i.e., Cl1/C
max
l1
over the space of the den-
sity matrices is given by d(d−1) (see appendix C). Therefore,
the scaled l1 norm of coherence of the evolved state starting
from a generic state almost always concentrates around the
average value given by EψCl1Cmaxl1
= 1Cmaxl1
∫
dψCl1(Λt[|ψ〉〈ψ|]).
In particular, we have the following corollary.
Corollary 10. Let |ψ〉 be a random pure state on a d dimen-
sional Hilbert space. Then, for any  ≥ 0, we have
Pr
{∣∣∣∣∣C(Λt[|ψ〉〈ψ|])Cmaxl1 − EψCl1Cmaxl1
∣∣∣∣∣ > 
}
≤ 2 exp
(
− (d− 1)
22
18pi3η2Λtd ln 2
)
. (17)
VII. SUMMARY AND OUTLOOK
In this work, we have investigated quantum channels which
output only incoherent states for any input states. We call
such channels as coherence breaking channels. First we de-
fine two kinds of coherence breaking channels, namely, co-
herence breaking and selective coherence breaking channels,
and obtain the full characterization of these two types of quan-
tum channels. Then we prove that they are, in fact, equiva-
lent. Further, we consider stroboscopic Markovian processes
in which the action of noise is characterized by the iterative
applications of an elementary CPTP map. In these situations,
we define coherence breaking indices of incoherent quantum
channels which can be considered as a relative figure of merit
in deciding the detrimental capabilities of a quantum chan-
nel in the context of quantum coherence. We then define the
notion of coherence sudden death under quantum channels
which describes abrupt vanishing of coherence under an in-
coherent channel in time. Based on the recently obtained fac-
torization relations for the l1 norm of coherence, we link the
coherence breaking channels and coherence breaking indices
with the coherence sudden death and present various examples
to delineate this. Finally, for systems with higher dimensional
Hilbert spaces, based on Le´vy’s lemma, we show the typical-
ity of the dynamics of coherence for random pure states. This
is a very useful result in depicting the behaviour of a quantum
channel acting on a quantum system with higher dimensional
Hilbert space together with the reduction of the computational
complexity of coherence evolution. We exemplify this phe-
nomenon by considering the scaled l1 norm of coherence for
random pure states and provide explicit bounds on the typical
coherence of the evolved states.
The results in this work present a systematic and exhaus-
tive characterization of the detrimental effects of various noisy
scenarios and therefore, are of great practical value. More-
over, the results on the typicality of the dynamics of the coher-
ence provide a tractable estimation of the dynamics of coher-
ence in otherwise computationally hard scenarios of the sys-
tems with higher dimensional Hilbert spaces. However, more
work is possible in this context. For example, in our work we
left open the calculation of the average coherence for various
relevant noise scenarios such as the random incoherent uni-
tary evolution considering the scaled l1 norm of coherence as
a measure of coherence. It will be interesting for future works
to explicitly obtain results in this direction. Also, it will be
useful to obtain simplified factorization relations in the con-
text of evolution of coherence, say for pure qudit states, in
future.
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Appendix A: Some useful Lemmas
Lemma 11. In a d-dimensional Hilbert space, for any two
nozero pure states |α〉 and |β〉, there exists a maximally co-
herent pure state |ψ〉 such that 〈α|ψ〉 6= 0 and 〈β|ψ〉 6= 0.
Proof. Any maximally coherent pure state |ψ〉 can be written
as |ψ〉 = 1√
d
∑d−1
j=0 e
iθj |j〉 and let |α〉 = ∑d−1j=0 |αj |eiaj |j〉,
|β〉 = ∑d−1j=0 |βj |eibj |j〉. Then 〈α|ψ〉 = 1√d∑j |αj |ei(θj−aj)
and 〈β|ψ〉 = 1√
d
∑
j |βj |ei(θj−bj). We can use maximally
coherent states to construct a basis of the Hilbert space and
{|ψk〉}d−1k=0 forms a basis of the Hilbert space, where
|ψk〉 = 1√
d
d−1∑
j=0
ei
2pikj
d |j〉 .
Thus, there exists a maximally coherent state |ψ〉 =
1√
d
∑d−1
j=0 e
iθj |j〉 such that 〈α|ψ〉 6= 0 or 〈β|ψ〉 6= 0. If both
〈α|ψ〉 and 〈β|ψ〉 are nonzero, then lemma is proved. Other-
wise, without loss of generality, we assume 〈α|ψ〉 = 0 and
〈β|ψ〉 6= 0, i.e., ∑
j
|αj |ei(θj−aj) = 0;∑
j
|βj |ei(θj−bj) 6= 0.
(a) If there exist a k such that |αk| > 0 and |βk| > 0, then by
the continuity, there exist ε such that∑
j
|αj |ei(θj+εδj,k−aj) 6= 0;∑
j
|βj |ei(θj+εδj,k−bj) 6= 0,
where δj,k = 0 if j 6= k and δj,k = 1 if j = k. That is, |ψ′〉 :=
1√
d
∑d−1
j=0 e
i(θj+εδj,k) |j〉 is a maximally coherent state with
〈α|ψ′〉 6= 0 and 〈β|ψ′〉 6= 0.
(b) Otherwise, |αkβk| = 0 for any k. Then without loss of
generality, |α〉 and |β〉 can be viewed as
|α〉 =
d1∑
j=0
|αj |eiaj |j〉 ;
|β〉 =
d−1∑
j=d1+1
|βj |eibj |j〉 .
Then,
〈α|ψ〉 =
d1∑
j=0
|αj |ei(θj−aj) = 0;
〈β|ψ〉 =
d−1∑
j=d1+1
|βj |ei(θj−bj) 6= 0.
As |α〉 is a nozero state, then there exist a |αk| > 0, where
0 ≤ k ≤ d1. Then, by the continuity, there exists ε, such that
d1∑
j=0
|αj |ei(θj+εδj,k−aj) 6= 0;
d−1∑
j=d1+1
|βj |ei(θj−bj) 6= 0.
That is, |ψ′〉 := 1√
d
∑d−1
j=0 e
i(θj+εδj,k) |j〉 is a maximally co-
herent state with 〈α|ψ′〉 6= 0 and 〈β|ψ′〉 6= 0. This completes
the proof of the lemma.
Lemma 12. Given n × n matrix X = [xij ] ∈ Cn×n with
xii = 0 for 1 ≤ i ≤ n, if for any set { θi }ni=1 with θi ∈ R,∑
i,j
ei(θi−θj)xij = 0, (A1)
then X = 0.
Proof. Let |θ〉 = (e−iθ1 , e−iθ2 , . . . , e−iθn)T where T denotes
transpose, then the condition (A1) is equivalent to 〈θ|X |θ〉 =
0 for any |θ〉. Matrix X can be written as X = B + iC
with Hermitian matrices B = [bij ] and C = [cij ]. Moreover
B = X+X
∗
2 and C =
X−X∗
2i implies bii = 0 and cii = 0 for
any i = 1, . . . , n. Now 〈θ|X |θ〉 = 〈θ|B |θ〉+ i 〈θ|C |θ〉 = 0
means 〈θ|B |θ〉 = 〈θ|C |θ〉 = 0, as 〈θ|B |θ〉 and 〈θ|C |θ〉
are both real. The (i,j) entries of B can be written as bij =
|bij |eiβij . Since B is hermitian, |bij | = |bji| and βij = −βji.
We have
0 = 〈θ|B |θ〉 =
∑
i,j,i 6=j
ei(θi−θj)bij
=
∑
i<j
[ei(θi−θj)bij + ei(θj−θi)bji]
=
∑
i<j
[ei(θi−θj+βij) + ei(θj−θi−βij)]|bij |
= 2
∑
i<j
cos(θi − θj + βij)|bij |
= 2
∑
i<j
[cos(θi − θj) cos(βij)− sin(θi − θj) sin(βij)]|bij |,
which implies
∑
i<j cos(θi − θj) cos(βij)|bij | =∑
i<j sin(θi − θj) sin(βij)|bij |. Let ηij = cos(βij)|bij |
and λij = sin(βij)|bij |, then we have∑
i<j
cos(θi − θj)ηij =
∑
i<j
sin(θi − θj)λij , (A2)
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for any set { θi }ni=1. To solve (A2), we take special set{ θi }ni=1 as following. For any fixed i and j with i < j, first
let all θk = 0, then (A2) becomes∑
r<s
ηrs = 0. (A3)
Now take θi = pi and θk = 0 with k 6= i,∑
r<s,r 6=i,s6=i
ηrs +
∑
u<i
(−1)ηui +
∑
i<v
(−1)ηiv = 0. (A4)
Using (A3) minus (A4), we get∑
u<i
ηui +
∑
i<v
ηiv = 0. (A5)
Similarly, set θj = pi and θk = 0 with k 6= j, we can also
obtain ∑
p<j
ηpj +
∑
j<q
ηjq = 0. (A6)
Finally, take θi = θj = pi with i < j and θk = 0 for any
k 6= i, j, then (A2) implies∑
r<s,r,s/∈{ i,j }
ηrs +
∑
u<i
(−1)ηui +
∑
i<v,v 6=j
(−1)ηiv + ηij
+
∑
p<j,p 6=i
(−1)ηpj +
∑
j<q
(−1)ηjq = 0. (A7)
Using (A3) minus (A7), we have∑
u<i
ηui +
∑
i<v,v 6=j
ηiv +
∑
p<j,p 6=i
ηpj +
∑
j<q
ηjq = 0. (A8)
Then,
(A5) + (A6)− (A8)⇒ ηij = 0, for any i and j with i < j.
Thus (A2) reduces to∑
i<j
sin(θi − θj)λij = 0,
for any set { θi }ni=1. Similarly, we can get λij = 0 via choos-
ing a special set { θi }ni=1. Therefore, |bij |2 = η2ij + λ2ij = 0
for any i < j which means that B = 0. Using the same
method, it is easy to obtain C = 0. Now, since X = B + iC,
we have X = 0. This completes the proof of the lemma.
Appendix B: Random pure states, concentration of measure
phenomenon and the measures of distance on Hilbert space
Random pure states: The set of pure states on a d-dimensional
Hilbert space is a complex projective space CP d−1. This set
is endowed with a unique measure d(ψ) induced by the Haar
measure dµ(U) on the unitary group U(d) [71–75]. Thus,
any random pure state |ψ〉 can be generated by applying a
random unitary matrix U ∈ U(d) on a fixed pure state |ψ0〉,
i.e., |ψ〉 = U |ψ0〉. Now for any function F of pure state, we
have
EψF (ψ) :=
∫
d(ψ) F (ψ) =
∫
U(d)
dµ(U) F (Uψ0).
Concentration of measure phenomenon: The observation that
an overwhelming majority of vectors of a vector space take a
fixed value for many functions defined over the vector space
as the dimension of the vector space goes to infinity, is re-
ferred to as the concentration of measure phenomenon. In
particular, Le´vy’s lemma is the rigorous statement about the
concentration of measure phenomenon [76] for Lipschitz con-
tinuous functions on the sphere. We will state Le´vy’s lemma
shortly but before that we define Lipschitz continuous func-
tions. Consider two metric spaces (V1, d1) and (V2, d2) and a
function F : V1 → V2. If there exists a real number ηF such
that d2(F (u), F (v)) ≤ ηF d1(u, v) for all u, v ∈ V1, then F
is called a Lipschitz continuous function on V1 with the Lips-
chitz constant ηF [77].
Le´vy’s lemma (see [76] and [63]).– Let F : Sk → R be a Lip-
schitz continuous function with Lipschitz constant ηF . Here
Sk is the k-sphere and R is the real line. Let us consider a
random vector u ∈ Sk. Then for any  > 0,
Pr { | F (u)− EuF (u)| >  } ≤ 2 exp
(
− (k + 1)
2
9pi3η2F ln 2
)
,
(B1)
where EuF (u) is the expected value of F (u) over random
vectors u ∈ Sk.
Trace distance.– The trace distance between two quantum
states ρ and σ is defined as [78]
||ρ− σ||1 := Tr
[√
(ρ− σ)2
]
. (B2)
The trace distance satisfies the monotonicity property under
the influence of a quantum channel Λt [70]. More precisely,
||Λt[ρ]− Λt[σ]||1 ≤ ηΛt ||ρ− σ||1, (B3)
where ηΛt ≤ 1.
Appendix C: The Lipschitz constant for the l1 norm of
coherence
We need to find a constant ηCl1 for the l1 norm of coherence
such that
|Cl1(ρ)− Cl1(σ)| ≤ ηCl1 ‖ρ− σ‖1 .
From the definition of the l1 norm of coherence, Cl1(ρ) =
‖ρ‖l1 − 1, where ‖ρ‖l1 =
∑
ij |ρij |, we have
|Cl1(ρ)− Cl1(σ)| =
∣∣‖ρ‖l1 − ‖σ‖l1 ∣∣
≤ ‖ρ− σ‖l1
≤ d ‖ρ− σ‖2
≤ d ‖ρ− σ‖1 , (C1)
11
where the first inequality follows from the triangle inequal-
ity of norm ‖·‖l1 , the second inequality comes from the fact
that ‖A‖l1 =
∑
ij |Aij | ≤
√
d2
∑
ij |Aij |2 = d ‖A‖2 and
the third inequality follows from ‖A‖2 ≤ ‖A‖1 [79]. Note
that the norm ‖·‖2 is defined as ‖A‖2 =
√
TrA†A. Thus,
Lipschitz constant for the scaled l1 norm of coherence, i.e.,
Cl1/C
max
l1
, is given by dd−1 and we have∣∣∣∣∣Cl1(ρ)Cmaxl1 − Cl1(σ)Cmaxl1
∣∣∣∣∣ ≤ dd− 1 ‖ρ− σ‖1 .
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